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. , \vdash ,




. $m$ , $e$ , $v$ . $B$
, , , . ,
:
$E$ $=$ -21 v2(2)
$p$ $=$ mv-er $\cross B$ (3)
$Q$ $=$ $mv\cdot B=p\cdot B$ (4)
$J$ $=$ ($m\mathrm{r}\mathrm{x}v-\underline{1}$er $\cross(f\cross B)$) $\cdot B=(f\cross p)\cdot B-\frac{1}{2}e(\mathrm{r}\cross B)^{2}$ (5)





. , $Q$ .
$p$ , 3 .
, $J$ . 6 . ,
$Q$ . $E,p,$ $J$ $1+3+1=5$ . ,
$3\cross 2=6$ . .
. ,
, . .
2 . $R^{2}$ , $B$ , $F=dA=Bdx\wedge\ovalbox{\tt\small REJECT}$
. . , $A=Exdy$
. $y$ , $x$ .
$A(x+a, y)=A(x, y)+Bady=A(x, y)+d(Bay)$ (6)
, $x$ , $A$ .
$L= \frac{1}{2}(\dot{x}^{2}+j^{2})+Bxj$ (7)
. , $m$ $e$ 1 .
$i=B\dot{y}$ , $\ddot{y}=-Bi$ (8)
. $x$ $L$
$L(x+a)-L(x)=Ba \dot{y}=\frac{d}{dt}$ (Bay) (9)
, $y$ $L$ ,
$\tilde{P}x$ $:=$ $\frac{\partial L}{\partial i}-By=p_{x}-By=\dot{x}-By$ , (10)




, , $q:arrow q_{i}+\epsilon\varphi_{i}(q)$ ( $\epsilon$ ) ,
$L(q, \dot{q})arrow L(q,\dot{q})+\epsilon\frac{dW(q)}{dt}$ (12)
49









$[ \frac{d}{dt}(\frac{\partial L}{\partial\dot{q}}\dot{.})\varphi:+\frac{\partial Ld}{\partial\dot{q}_{1}dt}.\varphi:]-\frac{dW}{dt}$
$=$ $\sum\dot{.}[\frac{\partial L}{\partial q}.\cdot\varphi:+\frac{\partial L}{\partial\dot{q}_{1}}.\dot{\varphi}.\cdot]-\frac{dW}{dt}$
$=$ $\frac{\delta L}{\delta\epsilon}-\frac{dW}{dt}=\frac{dW}{dt}-\frac{dW}{dt}=0$.
1 2 . .
,
$H= \frac{1}{2}p_{x}^{2}+\frac{1}{2}(p_{y}-Bx)^{2}$ , $\omega=dp_{x}\wedge dx+dp_{y}\wedge dy$ (14)
. ,
$i=p_{x}$ $\dot{y}=p_{y}-Bx$ (15)
$\ovalbox{\tt\small REJECT}=B(p_{y}-Bx)$ $\dot{p}_{y}=0$ . (16)
, (10), (11) .
, $p_{y}arrow p_{y}+Bx$ (14)
$H’= \frac{1}{2}(p_{x}^{2}+p_{y}^{2})$ , $\omega’=dp_{x}\wedge dx+dp_{y}\wedge dy+Bdx\wedge dy$ (17)
.
$(\omega’)^{-1}=$ $\frac{\partial}{\partial p_{x}}+\frac{\partial}{\partial y}\wedge\frac{\partial}{\partial p_{y}}+o\backslash _{e}\wedge\frac{\partial}{\partial p_{y}}$ (18)
,
$\dot{x}=p_{x}$ $\dot{y}$ =p (19)
$\dot{p}_{x}=Bp_{y}$ $\dot{p}_{y}=-Bp_{x}$ (20)
.




, , $(x, y)$ , $(\tilde{p}_{y}/B, -\tilde{p}_{x}/B)$
$\sqrt{2E}/B$ , (p ’ $p_{y}$ ) , $(0, 0)$ 1 .
, . (14)
$H \psi=[-\frac{1}{2}(\frac{\partial}{\partial x})^{2}-\frac{1}{2}(\frac{\partial}{\partial y}-iBx)^{2}]\psi(x, y)=E\psi$ (23)
. $H$
=-i. $\frac{\partial}{\partial x}-By$ , $P_{y}:=- \dot{i}\frac{\partial}{\partial y}$ (24)
.
$(U_{x}(a)\psi)(x, y)=e^{-io\tilde{P}_{e}a}\psi(x, y)=e^{iBay}\psi(x-a, y)$ , (25)
$(U_{y}(b)\psi)(x, y)=e^{-iP_{y}b}\psi(x,y)=\psi(x, y-b)$ (26)
. $U_{x}(a)$ . $x$ , $y$
:
$U_{x}(a)U_{y}(b)(U_{x}(a))^{-1}(U_{y}(b))^{-1}--e^{iBab}$ . (27)
, . , $P_{y}$ $k$ ,
$\psi(x, y)=e^{iky}\phi(x)$ (28)
,
$H\psi=$ $\frac{1}{2}(\frac{\partial}{\partial x})^{2}+\frac{1}{2}(k-Bx)^{2}]\phi(x)=e^{iky}E\phi(x)$ (29)
, .
$E=|B|(n+ \frac{1}{2})$ $(n=0,1,2, \cdots)$ (30)





$[0, 1]$ $\cross[0,1]$ $T^{2}$ . $T^{2}$ , (14) $H$




$\psi(x+1,y)=e^{:By}\psi(x, y)$ , $\psi(x,y+1)=\psi(x,y)$ (31)
. , $H$ . $x$
$y$ ,
$\psi(x+1,y+1)$ $=$ $e.\cdot)\psi \mathrm{t}u+1(Bx,y+1)=e\dot{.}e\psi:By(Bx,y)$
$=$ $\psi(x+1, y)=e.\cdot\psi By(x,y)$ (32)
, $e^{:B}=1$ . ,
$B=2\pi q$ (33)
$q$ . $q$ .
, (24) $\tilde{P}_{x},$ $P_{y}$ (23) $H$ . ,
$\psi$ $P\psi$ :
$P_{y}\psi(x+1,y)$ $=$ $e^{1By}.(P_{y}+B)\psi(x,y)$ (34)





$(U_{x}(a)\psi)(x, y+1)$ $=$ $e\dot{.})\psi Ba(y+1(x-a,y+1)$
$=$ $ee.\psi:Ba\cdot Bay(x-a, y)$






, $U_{x},$ $U_{y}$ (31) ,
$a= \frac{n_{x}}{q}$ , $b= \frac{n_{y}}{q}$ $(n_{x}, n_{y}\in Z)$ (38)
. , . ,
,
$(U_{x}(1)\psi)(x, y)=e^{iBy}\psi(x-1, y)=\psi(x, y)$ (39)
$(U_{y}(1)\psi)(x,y)=\psi(x, y-1)=\psi(x, y)$ (40)
, $U_{x}(1),$ $U_{y}(1)$ . , (27) , $U_{x},$ $U_{y}$
. , $Z_{q}\cross Z_{q}$
.
. $|0\rangle$ , $|1\rangle$ , $\cdots,$ $|q-1\rangle$
.
$U_{x}( \frac{n_{x}}{q})|m\rangle$ $=$ $|m+n_{x}(\mathrm{m}\mathrm{o}\mathrm{d} q)\rangle$ (41)
$U_{y}( \frac{n_{y}}{q})|m\rangle$ $=$ $e^{-2\pi in_{y}m/q}|m\rangle$ (42)
. :
$U_{x}( \frac{n_{x}}{q})U_{y}(\frac{n_{y}}{q})(U_{x}(\frac{n_{x}}{q}))^{-1}($$U_{y}( \frac{n_{y}}{q}))^{-1}|m\rangle$
$=$ $U_{x}( \frac{n_{x}}{q})U_{y}(\frac{n_{y}}{q})e^{2\pi in_{y}m/q}|m-n_{x}\rangle$




, (30) $q$ .
$n$
, $n$ $U(1)$ , ,
, .
$T^{n}$ $U(1)$ . $\omega jk\in Z(j, k=1, \cdots, n)$
. $(x\mathit{0}, x_{1}, \cdots, x_{n}),$ $(y\mathit{0}, y_{1}, \cdots, y_{n})\in R^{n+1}$
$(x_{0}, x_{1}, \cdots, x_{n})\cdot(y_{0}, y_{1}, \cdots, y_{n})$ $:=(x_{0}+y0+ \sum_{j,k=1}^{n}x_{j}\omega_{jk}y_{k}, x_{1}+y_{1}, \cdots, x_{n}+y_{n})$ (43)
53
. , $x=(x_{1}, \cdots, x_{n})\in R^{n},$ $xy= \sum_{j=1}^{n}x_{j}y_{j},$ $x \omega y=\sum_{j,k=1}^{n}x_{j}\omega_{jk}y_{k}$
. $R^{n+1}$ . $(0, 0)\in R^{n+1}$ , $(x\mathit{0}, x)^{-1}=$
( $x_{0}$ $+x\omega x,$ $-x$) . $R\cross_{\omega}R^{n}$ .
$(x\mathit{0},x)\cdot(y\mathit{0},y)\cdot(x\mathit{0}, x)^{-1}\cdot(y\mathit{0},y)^{-1}=(x\omega y-y\omega x, 0)$ (44)
, $\omega$ , $R\mathrm{x}_{\omega}R^{n}$ . ,
$R\mathrm{x}_{\omega}R^{n}arrow R^{n}$ , $R\mathrm{x}_{\omega}\{0\}$ $R\mathrm{x}_{\omega}R^{n}$ , $R\cross_{\omega}R^{n}$
$R$ ﬄ .
$R\mathrm{x}_{\omega}R^{n}$ $Z\mathrm{x}_{\omega}Z^{n}$ , $R\cross_{\omega}R^{n}$ .
$P_{\omega}^{n+1}$ :=(Z $\cross$ $Z^{n}$ ) $\backslash (R\mathrm{x}_{\omega}R^{n})$ (45)
. , $m0\in Z,$ $m\in Z^{n}$ $P_{\omega}^{n+1}$ $(m_{0}+x0+$
$m\omega x,$ $m+x)$ .
, $R\cross_{\omega}R^{n}$ $P_{\{v}^{n+1}$ . $P_{\iota v}^{n+1}$ $R\mathrm{X}_{\omega}\{\mathrm{O}\}\cong R$
, $Z\mathrm{x}_{\mathfrak{l}\theta}\{\mathrm{O}\}\underline{\simeq}Z$ . ,
$S^{1}=R/Z$ $P_{\omega}^{n+1}$ . $P_{\omega}^{n+1}/S^{1}$ $T^{n}$
. , $S^{1}$ $\pi_{\omega}$ : $P_{\omega}^{n+1}arrow T^{n}$ . 2
$\omega$ . ,
$Z\cross_{\omega}\{0\}$ $arrow$ $Z\mathrm{x}_{\omega}Z^{\mathrm{n}}$ $arrow$ $Z^{n}$
$\downarrow$ $\downarrow$ $\downarrow$






$f$ : $P_{\omega}^{n+1}arrow C$ , $f$ : $R\mathrm{x}_{\omega}R^{n}arrow C$ , $Z\mathrm{x}_{\omega}Z^{n}$
:
$f(m\mathit{0}+x_{0}+m\omega x, m+x)=f(x0,x)$ , $(\pi w,m)\in Z$ x $Z^{n}$ . (47)
$f$( $x\mathit{0}+$ $x$) $=e^{2\dot{m}t}f(x\mathit{0}, x)$ , $t\in R$ (48)
, $f$ $P_{\omega}^{n+1}$ .
$f(x\mathit{0}, x+m)=e^{-2\pi\cdot m\omega oe}.f(x0, x)$ , $m\in Z^{n}$ (49)
. $T^{2}$ (31)
$\psi(x+1,y)=e^{2\pi\cdot qy}.\psi(x,y)$ , $\psi(x,y+1)=\psi(x,y)$ (50)
54
. ,
$\omega=(\begin{array}{ll}0 -q0 0\end{array})$ (51)
$T^{2}$ .
$\sigma_{jk}=\sigma kj\in Z$
$\sum_{j,k=1}^{n}mj\sigma jkm_{k}\in 2Z$, $m=(m_{1}, \cdots, m_{n})\in Z^{n}$ (52)
, $\sigma$ $n$ . , $\phi_{\sigma}$ : $R$ xJ\rightarrow R $\cross$ +\sigma $R^{n}$
$\phi_{\sigma}(x_{0}, x):=(x0+\frac{1}{2}x\sigma x, x)$ (53)
, . ,
$\phi_{\sigma}((x0, x)\cdot\omega(y0, y))$ $=$ $\phi_{\sigma}(x0+y0+x\omega y, x+y)$
$=$ $(x0+y0+x \omega y+\frac{1}{2}(x+y)\sigma(x+y), x+y)$
$=$ $(x_{0}+y0+ \frac{1}{2}x\sigma x+\frac{1}{2}y\sigma y+x(\omega+\sigma)y, x+y)$
$=$ $(x0+ \frac{1}{2}x\sigma x, x)\cdot\omega+\sigma(y0+\frac{1}{2}y\sigma y, y)$
$=$ $\phi_{\sigma}(x_{0}, x)\cdot\omega+\sigma\phi_{\sigma}(y0, y)$ , (54)
. , $\phi_{\sigma}$ $Z\cross_{\omega}Z^{n}$ Z $\cross$ +\sigma r . $\phi_{\sigma}$ $R\cross_{\omega}\{0\}$
$R\cross_{\omega+\sigma}\{0\}$ . , $\phi_{\sigma}$ $P_{\omega}^{n+1}$ $P_{\omega+\sigma}^{n+1}$ .
, $\Delta=(\Delta_{1}, \Delta_{2}, \cdots, \Delta_{n})\in Z^{n}$ $\Delta=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\Delta_{1}, \Delta_{2}, \cdots, \Delta_{n})$
. $\phi\Delta$ : $R\cross_{\omega}R^{n}arrow R\cross_{\omega+\Delta}R^{n}$
$\phi_{\Delta}(x_{0}, x):=(x_{0}+\frac{1}{2}x\Delta x+\frac{1}{2}\Delta x, x)=(x_{0}+\frac{1}{2}\sum_{j=1}^{n}(x_{j}\Delta_{j}x_{j}+\Delta_{j}x_{j}), x)$ . (55)
, . $xj$ $x_{j}^{2}+xj=xj(xj+1)$
, $\frac{1}{2}\Delta_{j}(x_{j}^{2}+x_{j})$ , , $\phi\Delta$ $Z\cross_{\omega}Z^{n}$ $Z\mathrm{x}_{\omega+\Delta}Z^{n}$ .
, $\phi\Delta$ $R\mathrm{X}_{\omega}\{0\}$ $R\cross_{\omega+\Delta}\{0\}$ . , $\phi\Delta$ $P_{\omega}^{n+1}$ $P_{\omega+\Delta}^{n+1}$
.
. )\epsilon $=(\epsilon_{1}, \epsilon_{2}, \cdots, \epsilon_{n})$
$\in Z^{n}$ , $\phi_{\epsilon}$ : $R\mathrm{x}_{\omega}R^{n}arrow R\cross_{\omega}R^{n}$
$\phi_{\epsilon}(x_{0}, x):=(x_{0}+\epsilon x, x)=(x_{0}+\sum_{j=1}^{n}\epsilon_{j}x_{j}, x)$ . (56)
55
. , $Z\mathrm{x}_{\omega}Z^{n}$ $Z\mathrm{x}_{\omega}Z^{n}$ , $R\cross_{\omega}\{0\}$
. , $\phi_{\epsilon}$ $P_{\omega}^{n+1}$ .
$R\mathrm{x}_{\omega}R^{n}$ 1 $A$
$A$ $:=-dx0+ \sum_{j,k=1}^{n}xj\omega jk^{\ovalbox{\tt\small REJECT}}k+\sum_{j=1}^{n}\alpha jdxj=arrow dx0+x\omega dx+\alpha dx$ (57)
. $\alpha=(\alpha_{1}, \cdots, \alpha_{n})\in R^{n}$ ,
. 1 $A$ , $(m\mathit{0}, m)\in Z\mathrm{x}_{\omega}Z^{n}$ $\varphi$ : $(x_{0}, x)\vdash>(m0+x0+m\omega x, m+x)$
, $P_{\omega}^{n+1}=(Z\mathrm{x}_{\omega}Z^{n})\backslash (R\mathrm{x}_{\omega}R^{n})$ 1 . , $A$ $t\in R$
$(x\mathit{0}, x)|arrow$ ($x\mathit{0}+$ $x$) . , $A$ ,
$i( \frac{\partial}{\partial x_{0}})A=-1$ (58)
. , $A$ $\pi_{\omega}$ : $P_{\omega}^{n+1}arrow T^{n}$ .
$Df:=df+2\pi iAf$ (59)
. ,
$F$ $:=dA= \sum_{j,k=1}^{n}\omega jkxj\wedge dxk=\sum_{j,k=1}^{n}\frac{1}{2}(\omega jk-\omega kj)dxj\wedge dxk$ (60)
. 2 , $\omega-\{v$ , $\omega\in \mathrm{M}\mathrm{a}\mathrm{t}(n, Z)$
, . , $T^{n}$ $S^{1}$
.
, $(\omega, \alpha)\in \mathrm{M}\mathrm{a}\mathrm{t}(\mathrm{r}\mathrm{z}, Z)\cross R^{n}$ , $(P_{\omega’(\omega,\alpha)}^{\mathrm{n}+1}A)$
, 3 ,
$( \omega, \alpha)\sim(\omega+\sigma+\Delta, \alpha+\frac{1}{2}\Delta+\epsilon)$ (61)





$=$ $\phi_{\epsilon}^{*}(-d(x0+\frac{1}{2}x\Delta x+\Delta x)+x(\omega+\Delta)dx+(\alpha+\frac{1}{2}\Delta+\epsilon)dx)$
56
$=$ $\phi_{\epsilon}^{*}(-dx_{0}+x\omega dx+(\alpha+\epsilon)dx)$
$=$ $-d(x_{0}+\epsilon x)+x\omega dx+(\alpha+\epsilon)dx$





$R^{n}$ $T^{n}$ . , $v\in R^{n}$ $T^{n}$
$\tau_{v}$ : $T^{n}arrow T^{n}$ , $x\vdash+x+v$ (63)
. .










$S_{A}:=\{\tilde{\tau}_{v}|\tilde{\tau}_{v}^{*}A=A, v\in R^{n}\}$ (65)
. (magnetic translation group) .
$P_{\omega}^{n+1}$ $(x_{0}, x)\in R^{n+1}$ . $\tau_{v}$ : $x\vdasharrow x+v$ $[] f$ $\tilde{\tau}_{v}$ , $\pi_{\omega}0\tilde{\tau}_{v}=\tau_{v}0\pi_{\omega}$
,
$\ovalbox{\tt\small REJECT}$ : $(x0, x)\vdash+(x_{0}+\theta(x\mathit{0}, x, v), x+v)$ (68)
57
. $\tilde{\tau}$ $S^{1}$ , $\theta$
$x_{0}+w0+\theta(x_{0}+w0, x,v)=x_{0}+\theta(x_{0}, x,v)+w\mathit{0}$ (69)
. ,
$\theta(x_{0}+w_{0}, x,v)=\theta(x_{0}, x,v)$ (70)
$w0\in R$ . , $\theta$ $(x, v)$ .
$P_{\omega}^{n+1}$ , $\tilde{\tau}$ $Z\cross_{\omega}Z^{n}$ ,
. , \leftarrow , $m$) $\in Z\mathrm{x}_{\omega}Z^{n}$ , ( $m_{0}’$ , m’)\in Z $\cross$ $Z^{\mathrm{n}}$
:
$\ovalbox{\tt\small REJECT}((m_{0}, m)\cdot(x_{0}, x))=(m_{0}’,m’)\cdot\tilde{\tau}_{v}(x_{0}, x)$ . (71)
$(m\mathit{0}+x0+m\omega x+\theta(m+x, v),m+x+v)=(m_{0}’+x0+\theta(x,v)+m’\omega(x+v),$$m’+x+v)(72)$
,
$m$ $=$ $m’$ , (73)
$m0+m\omega x+\theta(m+x,v)$ $=$ $m_{0}’+\theta(x,v)+m’\omega(x+v)$ (74)
. , $m\in Z^{n}$
$\theta(m+x,v)-\theta(x,v)-m\omega v=m’0-m_{0}\in Z$ (75)
, . $\theta$ , (68)
$\tilde{\tau}$ . 1 .
,
$A=-dx_{0}+x\omega dx+\alpha dx$
$\tilde{\tau}_{v}$ : $(x_{0}, x)\vdasharrow(x0+\theta(x,v),$ $x+v)$ ,
$v$
$A=-(dx0+d\theta)+(x+v)\omega d(x+v)+\alpha d(x+v)$
$=A-d\theta+v\omega dx$ . (76)




. , $v0\in R$ .
$P_{\omega}^{n+1}$ , , $\theta$
$\theta(m+x, v)-\theta(x, v)-m\omega v$ $=$ $v\omega m-m\omega v$
$=$ $v(\omega-t\omega)m\in Z$ , $\forall m\in Z^{n}$ (78)
. , $v\in R^{n}$
$(\omega-^{t}\omega)v\in Z^{n}$ (79)
. , $v[]\mathrm{h}(68),$ (77) , $A$
$\tilde{\tau}_{v}$ .
$\Omega^{n}:=\{v\in R^{n}|(\omega-t\omega)v\in Z^{n}\}$ (80)
, $\Omega^{n}$ $R^{n}$ . , $(\omega-\mathfrak{b})$ , $\Omega^{n}$
$R^{n}$ .
$\tilde{\tau}_{v}$
$\ovalbox{\tt\small REJECT}$ : $(x\mathit{0}, x)\vdash+(x\mathit{0}+\theta(x, v),$ $x+v)$ $=$ $(x_{0}+v\omega x+v\mathit{0}, x+v)$
$=$ $(v_{0}, v)\cdot(x\mathit{0}, x)$ (81)
, $R\cross_{\omega}\Omega^{n}$ $P_{\omega}^{n+1}$ . , $Z\mathrm{x}_{\omega}Z^{n}\subset$
$R\cross_{\omega}\Omega^{n}$ $P_{\omega}^{n+1}$ . , $A$ $S_{A}$
$S_{A}=(R\mathrm{x}_{\omega}\Omega^{n})/(Z\cross_{\omega}Z^{n})$ . (82)
2 . , $R\cross_{\omega}\Omega^{n}$ $Z\cross_{\omega}Z^{n}$ , $S_{A}$
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